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We initiate a non-perturbative study of anisotropic, non-conformal and confining gauge theories
that are holographically realized in gravity by generic Einstein-Axion-Dilaton systems. In the vac-
uum our solutions describe RG flows from a conformal field theory in the UV to generic scaling
solutions in the IR with generic hyperscaling violation and dynamical exponents θ and z. We for-
mulate a generalization of the holographic c-theorem to the anisotropic case. At finite temperature,
we discover that the anisotropic deformation reduces the confinement-deconfinement phase transi-
tion temperature suggesting a possible alternative explanation of inverse magnetic catalysis solely
based on anisotropy. We also study transport and diffusion properties in anisotropic theories and
observe in particular that the butterfly velocity that characterizes both diffusion and growth of
chaos transverse to the anisotropic direction saturates a constant value in the IR which can exceed
the bound given by the conformal value.
1. Introduction. Quantum many body systems in
three spatial dimensions with reduced rotational sym-
metry have important realizations in Nature such as
the quark-gluon plasma produced in non-central heavy
ion collisions, or condensed matter systems described
by anisotropic spin models e.g. the anisotropic 3D Ising
model. The rotational symmetry in such systems can be
broken by application of an external source such as an
electric or magnetic field in one direction as in the var-
ious condensed matter experiments, by the geometry of
the setting as in non-central heavy ion collisions, or by
intrinsic properties of the interaction as in case of the
anisotropic spin models or the Weyl semimetals [1].
Gauge-gravity duality [2] provides a natural avenue to
study anisotropic QFTs in the presence of strong inter-
actions. Most of the early gauge-gravity literature on
anisotropic systems focuses either on scale-invariant sys-
tems or non-conformal but charged plasmas. Only the
following three special cases have been studied: (i) ini-
tially conformal invariant systems where the isotropy and
conformal symmetry is broken by the same mechanism,
for example by a source that depends on a spatial di-
rection as in [3–11]. (ii) Lifshitz invariant systems with
anisotropy as in [12]. (iii) Non-conformal charged plas-
mas where the anisotropy is introduced by an external
magnetic field in one spatial direction as in [13–15].
In this paper we initiate a study of uncharged, non-
conformal and anisotropic systems with strong interac-
tions by means of the gauge-gravity duality. In particu-
lar, we consider a non-conformal, gapped and confining
4D SU(N) gauge theory in the large-N limit, obtained by
deforming a strongly interacting fixed point in the UV by
means of a scalar operator O with scaling dimension ∆.
We introduce the anisotropy by means of another opera-
tor O˜ that we choose to be marginal, with a coupling that
depends on one of the spatial coordinates. We then study
influence of anisotropy on the RG flow at zero tempera-
ture and on the thermodynamic observables and trans-
port coefficients at finite temperature. The gauge theory
is realized in holography by the Einstein-Axion-Dilaton
theory in 5 dimensions with a non-trivial potential for
the dilaton. This potential can be chosen such that the
vacuum state confines color and there exists a phase tran-
sition at finite Tc above which a deconfined plasma state
arises. We study this class of non-conformal, confining,
anisotropic and strongly interacting theories holographi-
cally for a specific choice of the potentials, however, our
qualitative results—which we discuss below—are inde-
pendent of these choices and hold for the entire class.
The vacuum state of the theory is studied in section
and exhibits interesting qualitative features. In partic-
ular, we find that for marginal O, that is ∆ = 4, we
find a non-trivial RG flow from the conformal fixed point
in the UV to a Lifshitz-like hyperscaling violating the-
ory in the IR with a range of possible dynamical and
hyperscaling violating exponents z and θ whose values
determined by the choice of potentials in the dual grav-
itational theory[16]. These models therefore open new
ground for phenomenological applications in strongly in-
teracting plasma physics.
An especially interesting question concerns how the
confinement-deconfinement phase transition is affected
by anisotropy. We study the phase diagram in section
and discover that the anisotropic deformation decreases
the confinement-deconfinement transition temperature.
This is in accord with the recent lattice QCD studies
[17–20] that shows both chiral symmetry restoration and
deconfinement occur at lower temperatures in the pres-
ence of an external magnetic field, a phenomenon coined
“inverse magnetic catalysis” (IMC). Note that magnetic
field also breaks isotropy in a similar way as we do in
our uncharged plasma. Yet, our finding brings a new
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2twist in this story indicating that IMC may occur even
in uncharged plasmas.
Transport properties also exhibit surprising qualitative
features. In particular, as we show in section 5, the but-
terfly velocity violates the “universal bound” conjectured
in [21, 22].
2. Holographic setup. The gravitational theory dual
to our anisotropic field theory is defined by the Einstein-
Axion-Dilaton action with generic functions V and Z
that determine the potential energy for the dilaton field
φ and its coupling to the axion field χ:
S =
1
2κ2
∫
d5x
√−g [R+ LM ] , (1)
LM = −1
2
(∂φ)2 + V (φ)− 1
2
Z(φ)(∂χ)2, (2)
where κ2 ∼ 1/N2. Crucially, a linear axion ansatz au-
tomatically satisfies the equations of motion and breaks
isotropy while preserving translation invariance:
ds2 = e2A(r)
[
−f(r)dt2 + d~x2⊥ + e2h(r)dx23 +
dr2
f(r)
]
, (3)
φ = φ(r), χ = a x3. (4)
The solution is asymptotically AdS near the bound-
ary r → 0 where A → − log r, f → 1, h → 0 and
φ → j r4−∆ [23]. This solution generally corresponds to
a non-conformal gauge theory whose IR dynamics dom-
inated by the stress tensor Tµν dual to the metric and
a scalar operator O ∼ TrF 2, similar to the scalar glue-
ball operator in QCD (when it is marginal), here dual to
the field φ. We call the source of this operator j. The
theory is in turn deformed by a space-dependent theta
term O˜ ∼ θ(x3)TrF ∧ F dual to the field χ. The 5D
Einstein-Axion-Dilaton theory can be realized in terms
of D3/D7 branes in IIB string theory when V = 12 and
Z = e2φ [3–5]. In this case the underlying field theory is
conformal. We are however interested in non-conformal,
in particular confining gauge theories that follow from a
more generic choice of the potentials V and Z [24, 25].
A choice of the form [26, 27]
V (φ) = 12 cosh(σφ) + b φ2, Z(φ) = e2γφ, (5)
with b ≡ ∆(4−∆)2 − 6σ2, corresponds to a gauge theory
with a scalar operator of scaling dimension ∆ that con-
fines color in the vacuum state for σ ≥√2/3 [25].
We observe that the holographic version of the c-
theorem [28] in QFT (or rather the “a-theorem” in 4D
[29]) has a natural generalization in the anisotropic holo-
graphic theories. Introducing the domain-wall coordinate
du = exp(A(r))dr we find that
d
du
{(
dA
du
+
1
3
dh
du
)
e
h
3
}
≤ 0 , (6)
which follows from Einstein’s equations. Imposing the
bulk null energy condition (NEC) recovers (6) but also
leads to an additional monotonicity constraint,
d
du
(
dh
du
eh+4A
)
≤ 0 , (7)
which can be used to define a second independent central
charge for anisotropic theories (see also [30–32]). Both
expressions inside the brackets of (6) and (7) are mono-
tonically decreasing and, while the first one reduces di-
rectly to dA/du in the isotropic limit h → 0, any lin-
ear combination between them may give the holographic
analog of the a-function [28].
3. Scaling solutions in the IR. The RG energy scale
of the dual QFT in the ground state is determined by
the scale factor A of the metric (3) [33], which exhibits
a non-trivial dependence on the holographic coordinate
r when the potentials V and Z are not constant. The
IR region r → ∞ corresponds to small values of exp(A)
where the dilaton grows [34] monotonically [24]. In this
limit V ∼ 6 eσφ for σ ≥ 0. We can derive the following
scaling solutions in the IR limit:
ds2 = L˜2(ar)2θ/3z
[−dt2 + d~x2⊥ + dr2
a2r2
+
c1 dx
2
3
(ar)2/z
]
, (8)
φ = c2 log(ar) + φ0. (9)
Here L˜, c1 and c2 are constants depending on z and θ,
which are given in terms of γ and σ as
z =
4γ2 − 3σ2 + 2
2γ(2γ − 3σ) , θ =
3σ
2γ
. (10)
These constants also depend on the free parameter φ0
which is set by the value of the source j. For θ = 0 the
solution exhibits a Lifshitz-like scaling
t→ λt, ~x⊥ → λ~x⊥, r → λr, x3 → λ 1z x3 . (11)
For θ 6= 0, the metric (8) has the hyperscaling violation
property and transforms covariantly under (11) as
ds→ λθ/3zds . (12)
When the IR theory is connected to a heat bath, one ob-
tains the finite temperature version of the scaling metric,
which is now a black brane with blackening factor
f(r) = 1−
(
r
rH
)3+(1−θ)/z
, (13)
where rH is the location of the horizon. The black brane
metric is obtained by multiplying the dt2 term by f and
the dr2 term by 1/f in (8). The entropy density of the
plasma in the IR is obtained from the area of the horizon,
s = cIR a
−2− 1−θz T 2+
1−θ
z /κ2 , (14)
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FIG. 1. Free energy as a function of T for different values
of the anisotropy parameter a/j = 0, 1, 3 (black, blue and
red curves respectively). The parameters σ =
√
2/3 + 1/10,
γ = 1/5, ∆ = 3 were chosen such that the undeformed the-
ory is confining. The horizontal axis corresponds to the con-
fined state while all other branches correspond to deconfined
phases. The insets show details of an additional phase tran-
sition for large a, as discussed in the text.
where cIR is a constant and T is the Hawking temperature
T =
|3 + (1− θ)/z|
4pirH
. (15)
Notice that the values z and θ are constrained by the bulk
null energy condition and the positivity of the specific
heat CV = d log s/d log T as follows:
(z − 1)(1 + 3z − θ) ≥ 0 , (16)
θ2 + 3z(1− θ)− 3 ≥ 0 , (17)
2z + 1− θ ≥ 0 . (18)
Combining these inequalities, we observe that for z ≥ 1
the value of θ is bounded from above θ ≤ θ(−)bound while
for z ≤ 0 it is bounded from below θ ≥ θ(+)bound, with
θ
(±)
bound =
1
2
(
3z ±
√
3
√
4− 4z + 3z2
)
. (19)
The range 0 < z < 1 is forbidden altogether. Thus, one
derives interesting universal bounds on the IR scaling
behavior of strongly interacting anisotropic plasmas from
holography.
4. Thermodynamics. Questions pertaining thermal
equilibrium are answered by working out the free energy
in the canonical ensemble, which, in the holographic de-
scription equals the Euclidean gravitational action (1)
appended by the Gibbons-Hawking and counterterm ac-
tions, evaluated on-shell. The counterterms in a generic
Einstein-Axion-Dilaton theory were worked out in detail
in [35] whose results we use but do not show here. Al-
ternatively, one can calculate the background subtracted
free energy directly by integrating the first law of ther-
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FIG. 2. Phase diagram of the system in the a− T plane. We
observe two phases, confined and “plasma I”, for a/j < 2.08.
For larger a/j there exist three phases, confined, “plasma I”
and “plasma II”. The blue and red curves indicate lines of
first order transitions.
modynamics dF = −sdT for j and a held fixed [36].
In figure 1 we plot numerical results for the free energy
as a function of T for a particular confining theory. We
will divide the analysis in two cases, small a/j and large
a/j. For small a up to a/j ≈ 2.08 there are three com-
peting phases. First, there is the confining ground state
heated up to temperature T . The corresponding gravita-
tional background is obtained from the black brane solu-
tion (3) by sending the mass to zero. This is the so-called
thermal gas solution and is our reference background for
the free energy computation. More specifically, the free
energy of this phase is O(N0), therefore it corresponds
to the horizontal axis F = 0. Second, we observe two
phases of free energy O(N2). These are the deconfined,
plasma phases corresponding to black brane solutions (3)
with a non-trivial blackening factor. One of these solu-
tions, the “small black brane” (upper branches in figure
1 for a/j = 0, 1) is always subdominant in the ensemble
and can be ignored. Moreover this phase is thermody-
namically unstable since CV ∝ −d2F/dT 2 < 0, as can
be read from the figure. The “big black brane” solution
(lower branches in figure 1 for a/j = 0, 1) dominates the
ensemble for T > Tc. Tc here is given by the point where
the curves cross F = 0. Therefore the system is in the
deconfined phase above the critical temperature Tc. This
plasma phase is denoted as “plasma I” in figure 2. Be-
low Tc the system is in the confined phase. This phase
transition is of confinement/deconfinement type and it is
of first order. All of this is in accordance with improved
holographic QCD [37, 38].
For a/j > 2.08 the phase structure becomes more com-
plicated. As shown in figure 1 for the choice a/j = 3,
there exists now four different black brane branches with
free energy O(N2) instead of the aforementioned two so-
lutions, the small and the big black branes for a/j < 2.08.
It is apparent from figure 1 that two of them have pos-
itive specific heat, analog of the “big black brane” so-
lution in the small a case. These two solutions are de-
noted as “plasma I” and “plasma II” in figure 2. There
40 2 4 6 8 10
0.2
0.4
0.6
0.8
1.0
FIG. 3. The viscosity over entropy density ratio for several
values of θ and z. Increase of the scaling parameter z leads
to lower values of the ratio (solid lines), as well as a decrease
of the value of θ (dashed lines).
are two more black brane solutions analog of the “small
black brane” solution in the small a case. However, these
are always subdominant and thermodynamically unsta-
ble, hence we can ignore them. As shown in figure 2,
there are now two phase transitions. There is the con-
finement/deconfinement type first order transition, anal-
ogous to the small a case, and there is a new first order
transition between the two plasma phases at a higher crit-
ical temperature. Moreover, all of these dominant phases
meet at a triple point at a ≈ 2.08, T/j ≈ 0.36.
We observe that the confinement/deconfinement
transition temperature Tc decreases with increasing
anisotropy a as shown in figure 2. This is interesting in
the context of inverse magnetic catalysis [17–20]. It has
been observed that the chiral symmetry breaking tem-
perature decreases with increasing degree of anisotropy,
induced by an external magnetic fieldB. Our finding sug-
gests an alternative mechanism based only on anisotropy,
as explained in the Discussion.
5. Transport and Diffusion. Holography is instru-
mental in the study of dissipative properties of the quark-
gluon plasma as exemplified by the agreement between
the holographic value of the shear viscosity η/s = 1/4pi
[39, 40] and experiment [41]. This universal value is vi-
olated in anisotropic systems [42–46] for the shear com-
ponent parallel to the anisotropic direction, η‖, while the
component transverse to the anisotropic direction η⊥ re-
mains universal. A calculation shows that η‖ can be ob-
tained from the near-horizon form of the metric (3),
η‖
s
=
1
4pi
g⊥⊥
g33
∣∣∣∣∣
r=rh
. (20)
In figure 3 we show the behavior of this quantity for the
case ∆ = 4 and j = 0. The curves are parametrized
according to the properties of the IR geometry, i.e. the
scaling exponents z and θ. We observe that the shear
viscosity in the anisotropic direction is generally below
the universal value η/s = 1/4pi, which is attained only in
the UV. In the IR limit one obtains
η‖
s
= χIR
( a
T
) 2
z−2
. (21)
The constant χIR depends generically on z, θ and φ0
(or equivalently j). The power of a/T is independent of
the hyperscaling violation exponent θ. However, θ deter-
mines the allowed range of z through (16)-(18); e.g. for
θ = 0 the exponent is in the range (−2, 0]. More gener-
ally, the bounds imply that the power is always negative
(for z 6= 1) so η‖ tipically vanishes in the deep IR.
Another interesting phenomenon is momentum diffu-
sion, which is related to dissipation through shear via
an Einstein relation. In holographic theories, diffusion
is characterized by the time scale τL ∼ 1/T and the
“butterfly velocity” vB [47], both entering in the diffu-
sion constant as D ∼ ~v2B/kBT . These quantities can
be computed holographically through the near horizon
dynamics. They also control the chaotic growth of the
commutator 〈[W (t, x), V (0, 0)]2〉 ∼ exp[(t − x/vB)/τL]
for arbitrary hermitian operators W and V , whose prop-
erties have been studied extensively recently in [47–52].
Interestingly, the butterfly velocity provides a natural no-
tion of a “light cone” even for non-relativistic systems,
e.g. in [51] it was argued that vB acts as a low-energy
Lieb-Robinson velocity.
In anisotropic theories, there are two notions of butter-
fly velocities, vB‖ and vB⊥ [47], corresponding to the par-
allel and transverse directions, respectively [53]. These
can be obtained by studying the backreaction of an ex-
citation at ~x = 0 sent from the asymptotic boundary
into the bulk. The excitation solves the Poisson equa-
tion on the curved geometry with a delta-function source
δ(~x) and with an effective mass that corresponds to the
screening length µ‖ or µ⊥ in the corresponding plasma.
On the background (3) one finds,
µ2⊥ =
f ′(3A′ + h′)
2
∣∣∣∣
r=rh
, µ2‖ = µ
2
⊥e
2h(rh). (22)
The corresponding butterfly velocities v2Bi = (2piT )
2/µ2i
approach the conformal value v2B = 2/3 in the UV, while
in the IR one obtains
v2B⊥ =
1− θ + 3z
2(1− θ + 2z) , v
2
B‖ = ζIR
( a
T
) 2
z−2
, (23)
where ζIR = 4piv
2
B⊥χIR. Remarkably, v
2
B⊥ saturates to a
universal value independent of j. These expressions are
to be contrasted with the butterfly velocities for isotropic
theories with hyperscaling violation [47, 51]. In these
works it was found that they scale generically as v2B ∼
(T0/T )
2
z−2, where T0 is a UV scale, so v2B → 0 in the
deep IR. In contrast, we find that v2B⊥ saturates to a
constant for a  T . In the allowed range of θ and z,
both v2B⊥ and v
2
B‖ are positive and smaller than 1 but,
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FIG. 4. Butterfly velocities vB⊥ (solid lines) and vB‖ (dashed
lines). In the longitudinal direction the information diffuses
slower with increasing anisotropy, with vanishing velocity in
the IR. Perturbations in the transverse plane can propagate
at a faster rate, with a new upper bound attained in the IR.
surprisingly, the value of v2B⊥ in the IR can exceed the
conformal value v2B = 2/3. For example, for θ = 0 and
z > 1, it always exceeds 2/3 and saturates another bound
v2B⊥ → 3/4 as z → ∞. In figure 4 we plot v2B⊥ and v2B‖
as a function of a/T for some generic examples.
6. Discussion. In this work we found several qualita-
tive features of strongly coupled anisotropic systems both
in the ground state and at finite temperature. Study-
ing confining plasmas, we found that the confinement-
deconfinement phase transition temperature decreases
with anisotropy. Decrease in Tc(a) with a resembles the
phenomenon of inverse magnetic catalysis where both the
confinement-deconfinement and the chiral phase transi-
tion temperatures decrease with the magnetic field B.
The main difference is that there are no charged fermionic
degrees of freedom in our case; our plasma is neutral.
This suggests an explanation for IMC, alternative to e.g.
[54, 55]: that, anisotropy—which is caused by B instead
of a in those examples—could be responsible for the phe-
nomenon instead of charge dynamics. It is tempting
to conjecture this as a generic property in a large class
of confining anisotropic theories at strong coupling. In
fact, studies with different holographic constructions [56]
showing a destructive effect of anisotropy on the chiral
condensate strongly support our claim. Whether there is
a direct field theory argument in support of this conjec-
ture remains to be seen. Nonetheless, it is interesting to
note that the fact that anisotropy itself may be respon-
sible for inverse magnetic catalysis could in principle be
checked by (anisotropic) lattice calculations!
The ground state in our theories are generically charac-
terized in the IR, by dynamical and hyperscaling violat-
ing exponents z and θ. Theories are thermodynamically
stable for a wide range of these exponents. We also ob-
tained a generalization of the holographic c-theorem valid
for anisotropic theories in equation (6). It would be inter-
esting to work out the implications of this for RG flows,
and to provide a proof directly in quantum field theory.
Finally, as expected from previous works, we found
η‖/s to be generically smaller than the so-called univer-
sal result 1/4pi. We also found that v2B⊥ can exceed the
bound conjectured in [21, 22]. There is no contradiction,
since these papers assumed isotropy. However, this re-
sult is surprising: it implies a new upper bound for the
transfer of quantum information, enhanced here by the
effects of anisotropy. It will be interesting to figure out
the field theoretic reason behind these observations. It
will also be interesting to find realization of our findings
in physical systems. In connection to this we refer to
[57, 58] as way to measure the anisotropic shear viscosity
of a strongly interacting, ultra-cold, unitary Fermi gas
confined in a harmonic trap.
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